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M3yueHune CTPYKTYpPbl MKOCA3APUUECKUX KBAa3UKPUCTANNOB

¢ PaspaboTaHa Teopus Ana onMcaHuUa CTPYKTYPbl MKOCa3APUYECKUX KBa3MKPUCTaNoB I ROV AL SOCIETYA

MATHEMATICAL, PHYSICAL AND ENGINEERING SCIENCES
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¢ PesynbTaTbl yKpacunm ob6noxky xypHana “Proceedings of the Royal Society A”.
¢ PesynbTaThl npounTUpoBaHbI B XXypHane “Nature Physics”.

A.E. Madison // RSC Adv., 2015, 5, 5745-5753.

A.E. Madison // RSC Adv., 2015, 5, 79279-79297.

A.E. Madison, P.A. Madison // Proc. Royal Soc. A, 2019, 475, #20180667.
A.E. Madison, P.A. Madison // Struct. Chem., 2020, 31, 485-505.
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STRUCTURAL
CHEMISTRY U3yuyeHne cummeTpumn nogobus

M KPUBONIMHEUHOWN CUMMETPUMU

Lightlocalization' ~
in 3D quasicrystals

¢ Pe3synbTatbl yKkpacunu o6noxky xypHana
“Structural Chemistry”.

A.E. Magucon // ®TT, 2013, 55, 784-796.

A.E. MagucoH // ®TT, 2014, 56, 1651-1661.

A.E. Madison // Struct. Chem., 2015, 26, 923-942. WccnepoBanue cnekTpoBs anepuoanUecKuX CTPYKTYD,
ynopAaao4YeHHbIX B COOTBETCTBUU C pacnosloXKeHnem

Hyneu -pyHKuun PumaHa
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* I'Ionyqel-l CMNeKTp C NuKamMu, pacnofnoxeHHbIMU B
COOTBETCTBUU C NPOCTbIMU YUCITAMWN.

> A.E. Madison, P.A. Madison, S.V. Kozyrev. // Struct. Chem.,
STRUCTURRAL Wsyuenue anepuoguueckux pasbuennii c 2022, DOI: 10.1007/511224-022-01906-2.

CHEMISTRY cummeTpueit 7-oro nopsagka
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¢ MonyyeHbl pa3bueHus c cuMMeTpUeEn 7-oro
nopsiaka.

¢ Pe3ynbTaTbl yKpacunu obnoxKy XXypHana
“Structural Chemistry”.

¢ OpgHO 13 pa3bueHui BHECEHO B « QHUUKIIONEeAUO
pa3bueHun» yHuBepcuTteTta r. Bunedenbg nop
Ha3BaHueM Madison’s 7-fold tiling.

&} sortice A.E. Madison // Struct. Chem., 2017, 28, 57-62.
=R A.E. Madison // Struct. Chem., 2018, 29, 645-655.
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Paul J. Steinhardt
Quasicrystals: A New Class of Ordered Structures, 1984
Quasicrystals I, Quasicrystals 11, 1986

1. YmakoBku cojiepkar 4 TUIa 3JeMEHTapPHBIX
sYeeK: TPUAKOHTadIP, POMOMYECKUIMA
UKOCadIp, pPOMOMYECKUH JO/IeKaIP,
«30J10TOI» pOoMOOIIP.

2. CymiecTByeT 3 yIaKOBKH C
UKOCadIpu4IeCcKoii cumMmeTpuen. OHa u3 HUX
B [ICHTPE UMEET TPUAKOHTAIP, & CIACAYIOLIUN
cioi o0pa3zyroT 30 pomOHUYECKUX
J0JIeKadipoB. [IBe Apyrue B IIEHTPE UMEIOT
3BE3/1y POMOOXIPOB, a CIAEAYIOMIMI CIOM JJIs
OJIHOM 13 HUX 00pa3yroT 12 uKoca’apos, a
1St IpyTror — 12 TprakoHTa’apoB.

3. YmakoBkH 00J1a/1a10T CBOMCTBOM
TOMOT€HHOCTH HaIoj00ue pa3oueHus

ITenpoy3a.




Atomic structure of the binary icosahedral
Yb-Cd guasicrystal

HIROYUKI TAKAKURA-2*, CESAR PAY GOMEZ2, AKIJI YAMAMOTO24, MARC DE BOISSIEUS
AND AN PANG TSA[=2-3

Figure 5 Inflation properties of the i-YbCds ; QC. a, A dense plane of RTH units is seen along the five-fold axis. Only the centres of the RTH units are shown as coloured
spheres. The dense plane is slightly puckered; the orange spheres are above the ideal plane, green spheres are below and dark grey (and blue) spheres are in the plane.

// Nature Materials (2007) 6: 58-63.
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Experimental Observation of Long-Range Magnetic Order in
Icosahedral Quasicrystals

Ryuji Tamura,* Asuka Ishikawa, Shintaro Suzuki, Takahiro Kotajima, Yujiro Tanaka, Takehito Seki,
Naoya Shibata, Tsunetomo Yamada, Takenori Fujii, Chin-Wei Wang, Maxim Avdeev, Kazuhiro Nawa,
Daisuke Okuyama, and Taku J. Sato™
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Looking for alternatives to the
superspace description of
icosahedral quasicrystals

A.E. Madison' and P. A. Madison'?

TPeter the Great St. Petersburg Polytechnic University,

ul. Polytechnicheskaya 29, 195251 Saint-Petersburg, Russia
25t Petersburg Electrotechnical University ‘LETY', ul. Professora
Popova 5, 197376 Saint-Petersburg, Russia

1 AEM, 0000-0001-7592-2980

A multiple-cell approach is discussed as a possible
alternative to the higher dimensional crystallography
of icosahedral quasicrystals. It is based on the Socolar—
Steinhardt tiling combined with the quasi-unit cell
model. Quasi-unit cells fill the space without gaps
and overlappings similar to those in periodic crystals.
Similarly, the atoms can occupy general and special
positions. The alloy stoichiometry and the packing
density can be calculated through the relative tile
frequencies, which in turn are determined as the
components of the Perron-Frobenius eigenvector of
the corresponding substitution matrix. The calculation
of the diffraction pattern reduces to the Perron
projection of a special matrix, the entries of which
reflect the contribution of each type of quasi-unit cell
to the coherent scattering.

1. Introduction

Determination of crystal structure is one of the key
problems in rational materials design, which is based
on understanding the relationships between chemical
composition, on the one hand, and controlled crystal
structure and desired physical properties, on the other.
In comparison with conventional periodic crystals,
quasicrystal structure analysis is still far from being a
straightforward task [1,2].

The atomic structure of quasicrystals is usually
interpreted within the superspace concept. In particular,
the structure of an icosahedral quasicrystal can be
generated by taking an irrational three-dimensional (3D)
slice through a six-dimensional (6D) hypercubic lattice
[3]. For a more comprehensive study, see [4-7].

(© 2019 The Author(s) Published by the Royal Society. All rights reserved.
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KoH1ienmus 3JIEMEHTAPHBIX TYEEK

XypHan texHu4yeckomn usuku, 2024, Tom 94, Bbif. 4
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KoHuenuunsa afeMeHTapHbIX A4€eK B TEOPUN KBa3MKPUCTaNsoB
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Teopus cTpoeHUss HUKOCAAPUIECKUX KBA3UKPUCTAIOB

XKypHan TexHudeckou ¢pusuku, 2024, Tom 94, Bein. 12
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Octet truss
Alexander Graham Bell (~¥1900); Richard Buckminster Fuller (~1950)

actahedron - Yetrahe dron
fruss

octet truss

Fig. 420.01 Octet Truss.

Copyright © 1997 Estate of R. Buckminster Fuller
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A proof of the Kepler conjecture

By THoMAs C. HALES™

To the memory of Ldszlo Fejes Toth

Figure 1.1: The face-centered cubic packing

Figure 1.3: The plane graph Gpene of the pentahedral prism.

Figure 1.2: The plane graphs Gi.. and Gyep
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Polytope {3,3,5} - icosahedral packing




Multilayer icosahedral packing




Multilayer icosahedral packing
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BbIBOAbl

OGecneunBaeTcsa onncaHne NKocasagpuyveckmnx
KBasnkKkpucrtanmnoB Bcex Tpex Tunos: P, |, F.

CTtporo cobnrogaeTcs nkocasgpuieckaa CUMMETPUS.

He HapywaeTcsa camonogobme ynakoBOK; MacLUTaOHbIW
MHOXUTeNb BCeraa paBeH KyOy 30/10TOro ce4eHus.
[oka3aHo, YTO B NOOOUN MKOCaA3APUYECKOMN YNaKOBKe
cylwiecTByeT B TOYHOCTU 3 TUMNA XapaKTepHbIX KMacTepos,
NPV 3TOM 3KBUBareHTHbIe y35bl BCeraa 3anosiHATCA
oAMHaAKOBbIMU KnacTtepamu. (!)

[NlokazaHa BO3MOXHOCTb ONMUCaHUA CTPYKTYP C rpynnammu
cummeTpuu |, n | N gokasaHa BO3MOXHOCTb
cyuwiecTBOBaHMUA 3HaHTMOMopdunama.



NepapxunuecKkne KapKacbl Ha OCHOBE MKOCa34pUUYeCcKUX KBa3sUKPUCTaNNOB
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[MepcneKkTuBbl B CTPYKTYPHOM aHanNu3e,
$bOTOHMKeE, CTENC-TEXHONOMUAX U Kpuntorpadum




Inflation vs projection

topical reviews

FOUNDATIONS Inflation versus p.rOjECtlf)n sets |n_aper|0d|c. syster_ns:
ADVANCES the role of the window in averaging and diffraction

ﬂ

ISSN 2053-2733

Michael Baake™ and Uwe Grimm"*

Figure 1

Cut-and-project description of the Fibonacci chain from the lattice £
(blue dots). The windows W, and W, are the cross sections of the yellow
and green strips, respectively.



Enantiomorphism
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Weining Man, Mischa Megens, Paul J. Steinhardt, P.M. Chaikin,
Experimental measurement of the photonic properties of icosahedral quasicrystals,
Nature, 436, 993-996 (2005)

Figure 1 | Experimental photonic structures and their Brillouin zones.

a, Stereolithographically produced icosahedral quasicrystal with 1-cm-long
rods. b, Diamond structure with 1-cm-long rods. ¢, Triacontahedron, one of
several possible effective Brillouin zones with icosahedral symmetry.

d, Brillouin zone for the f.c.c./diamond structure.
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Experimental measurement of the photonic
properties of icosahedral quasicrystals

Weining Man'?, Mischa Megens’, Paul J. Steinhardt' & P. M. Chaikin"**

2

a ‘//

1.4 g

1218
s :
S~
e & |Waveguide
= 1.0 F e
% F s cable
§_ 'fi: Vector analyser
E 0.8

0.6

0 3 60 90 120 150 180 O 30 60 90 120 150 180
Angle, 6 (degree) Angle, 6 (degree)

Figure 2 | Measured transmission for an icosahedral quasicrystal. a, T(f,0), = frequency bands. The dashed line is a 1/cosf curve characteristic of Bragg
transmission as a function of frequency (measured in units of ¢/d) and angle,  scattering from a Brillouin zone face. b, T(f,0) for a rotation about a five-fold
for a rotation about a two-fold rotation axis of the quasicrystal rotation axis corresponding to the dashed line in Fig. 1c. Inset, schematic of
(corresponding to the dotted line in Fig. 1¢) using two overlapping the microwave horn and lens arrangement used for these measurements.
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Rima Ajlouni, 2018
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Figure 21 — 10-fold Quasi-periodic surface panel fabricated with porcelain slip casting method using two modular units.



Svetlana V. Boriskina,
Quasicrystals: Making invisible materials
Nature Photonics, 9, 422-424 (2015)
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Photon energy
Photon energy

Photon momentum

Dirac cone at k = O caused by accidental degeneracy Optical cloaking
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Pombbl v 30HOrOHbI?

sinm/7 sin 2x/7  sin 3x/7

bead (1.1.1)

I'OTOBUTCA K II€4aTHU

sinm/7 sin2x/7
sin/7 sin3x/7
sin 27/7  sin 3x/7

|
- -t =1

bead (1.1.0) bead (1.0.1) bead (0.1.1)




Mcnonb3oBaHWe anepuoanyeckmx Mo3aukK B An3amnHe

Mo3zaunka ¢ cummeTrpueit 7-ro nopsiaka. @oronevarb Ha NOCYIE.
Mo3auka pazpaborana aBTopaMu, (poTorneuarh TakKe OCYIIECTBICHA aBTOPAMHU.
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J. Rottler, M. Greenwood, B. Ziebarth (2012)
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Freemen Dyson
Birds and frogs
Notices of the AMS, 56, 212-223 (2009).

Ha yMm npuxoguTt cBs3b Mexay O4HOMEPHbIMU
KBasnKpucTannamm un runoteson PumaHa. Ecnn
rmnote3a PumaHa BepHa, Torga Hynu aseta-
doyHKUMKM 06pasyoT OAHOMEPHbLI KBa3uUKpUcTansi
no onpeaenenntio. OHM NpeacTaBnaoT cobon
pacnpegeneHne To4eYHbIX Macc BOOMb MPSIMOWN
nnHnKn, a nx Pypbe-obpasom Takxke, CKopee BCero,
SBNSAETCH pacnpenerneHme To4edHbiX Macc — Mo
OQHOW Ha KaXabl norapmdm npocToro 4Yucna u
cTerneHu nNpocToro ymcna.

[TepBrie unciaeHHbie pacueThl: Opabnkko, 1990
A.M. Odlyzko (1990) Primes, quantum chaos, and computers. In: Number theory: Proceedings
of a symposium. Board on Mathematical Sciences, National Research Council, p. 35—46.




Barry Mazur & William Stein

Chapter 23

The spectrum and the
staircase of primes

25: o
15} ,_r—'_'_.
I[I: '_’_,—l—’

Figure 23.1: The Staircase of primes

In view of the amazing data-compression virtues of Fourter analysiz, it i=n't
unnatural to ask these questions:

Is there a way of using Fourner analys=is to better understand the comphli-
cated pieture of the staircase of prnmes?

Does this steircase of primes (or, perhaps, some tinkered version of the
staircase that contains the same basic information) have a speetrum?

If such a specérum exsts, can we compute it conventently, just as we have
done for the saw-tooth wave above, or for the major third CE chord?

& Assuming the spectrum exists, and is computable, will our understand-
g of thiz spectrum allow us to reproduce all the pertinent information
about the placement of primes among all whole numbers, elegantly and
frithfully?

75

76 CHAPTER 23. THE SPECTRUM AND THE STAIRCASE OF PRIMES

¢ And here i= a most mmportant question: will that spectrum show us order
and organization lurking within the staircase that we would otherwise be
blind to?

Strangely enough, it 1= towards questions like these that Riemann's Hypothesis
takes us. We began with the simple question about primes: how to count them,
and are led to ask for profound, and hadden, regulanities in structure.

Barry Mazur
William Stein




Barry Mazur & William Stein

120 CHAPTER 35. FROM THE RIEMANN SPECTRUM TO PRIMES

Figure 35.1: Tllustration of —Z:EE;D cos(log(s)f;), where #; ~ 14.13,... are the

first 1000 contributions to the Riemann spectrum. The red dots are at the prime
powers p", whose size is proportional to log(p).

il ‘ i
[l (1] 1] 1 Wﬂjﬂ

f T M

1618l V fo1ell o id 1024

Figure 35.3: Fourier series from 1,000 to 1,030 using 15,000 of the numbers 6;.
Note the twin primes 1,019 and 1,021 and that 1,024 = 210,




The n-Category Café

Quasicrystals and the Riemann
Hypothesis, John Baez, 2013

The Riemann Hypothesis (Part 1),
John Baez, 2019
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Madison, PA. Madison, S.V. Kozyrev (2022)
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A.E. Madison, PA. Madison, S.V. Kozyrev (2022)
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A.E. Madison, PA. Madison, S.V. Kozyrev (2022)

[Ipocmebie yucna = cnekmp
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A.E. Madison, PA. Madison, S.V. Kozyrev (2022)
Aperiodic Crystals, Riemann Zeta Function and Primes,
Struct. Chem.
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AriepuoguyecKas
nA(ppaKkIuOHHAs PEIICTKA

XypHan texHudyeckou cousuky, 2024, Tom 94, Bbirn. 4

09

Anepuoguueckas gauhpakynoHHaa peleTka, OCHOBaHHaa Ha CBA3MN
MeXAy NPOCTbIMU Yncnamum u Hynamm aseta-coyHkuum Pumana

© A.E. Magucon,! [1.A. Kosogaes,> A.H. KasaHkos,*> M.A. MagucoH,'> B.A. MowwHukos?



CneKtp pacnpegeneHna KopHeun (-pyHKunmn PumaHa

R(S)) . N
50 -
Sn(t) = Z cos(yt) = Z cos(yit)
k=—N k=1
0 il - o s b s s o s o - N N sin(ynt)  Si(ynt)
I 101 | 2.0 | 11 o t=lnn ~ (2W%+ 1) e
(.0}
A(n) sin(yy(t +Inn))
50, -2
P Jn w(txlnn)
+ L)+ !
oo” e o o e _e00 e e ces ecoen SP\2) TR
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LLIa6n0oHbl AnPPaKLUOHHDBIX PELLETOK

alO

LLIabrnoH 5x5 mm YBennyeHo: obnactb 1x1 mm
95




BbIBOA

1. Co3pgaH npoTtoTun ANPpakLMOHHOIro ONTUYECKOro
3afeMeHTa HOBOIO TMnNa — anepuoanyYeckomn
AndppakuMOHHOMN peLleTKU, OCHOBaAaHHOU Ha CBA3U MeXAay
NPOCTbLIMU YNCNAMU N HYNAMMU A3eTa-PyHKUnn PumaHa.

2. Oudppakuma bparra — He eAUHCTBEHHbLIN BapUaHT
KOHCTPYKTUBHOIO CJIOXK€HUS BOJIH.



CoBpemeHHasa Kpuctannorpadpus

COBPEMEHHasq ==
KpUCTanmnorpacus

9.6. Cnvmerpua mopgooma. Ecam npm cummerpmueckom mnpeolGpasosanuu (1)
He TpeGOBAThL BHIIOJHEBHA YCIOBHA H3oMeTpHuHoctH (9) coxpaHeHHMs IJHH,
yrJoB, naomiagest, o00HEMOB, TO NOJYIUM pacIIApPeHue HOHATASA pPaBeHCT-
Ba (2).

B cummerpum nopgobmsa nBe nomobHBe (HAryphl OPAHAMAIOTCA pPABHLIMA.
IIpu aToM mo Mepe ypaieHma oT ocob0it ToUuku Uam 0coHol ocH GUIypH Hpomop-
IAOHAJBHO BO3PACTAIOT PACCTOAHIA B «paBHEIX» YacTAx ¢uryp (pmc. 126), one-
panud CAMMeTPHHA aBTOMaTHIECKN YYMTHIBAIOT 3TO BozpactaHme. CooTBeTCTBYIO-
Iie Tpynnn OKa3HMBAOTCH M30MOpPHHMA rpymunamm G



Circle limit IV

I’ve been killing myself, first to finally finish that litho ...

... this piece of work means a “milestone” in my development and that, beside myself,
there will never be anyone else who’ll realize that.

M.C. Escher, 1960



M.C. Escher

Whirlpools, 1957

Sphere spirals, 1958




B. Mandelbrot

HemHorne nountatenu tanaHTa Julepa 3HatoT,
YTO 3TOT 3HAMEHUTbLIN XYOOXKHUK YacTo Yepnarn
CBOE BOOXHOBEHWE HEMNOCPEOACTBEHHO U3 paboT
“Hens3BecTHbIX' MmaTtemaTukoB. Bcs ero pabota
4YacTo cocTosa B NpocToMm gobaBrneHum
AeKkopaunn K CaMOMHBEPCHLIM MO3anKam,
N3BECTHbIM eule lNyaHkape n npeacraBneHHbIM
B MHOMOYUCIIEHHLIX UITIOCTPAUUAX K
MOHorpadgpumn KnenHa n ®dpuke.

B. Mandelbrot, Fractal Geometry of Nature,
1983




Felix Klein
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F. Klein. Vorlesungen zur Theorie der automorphen Funktionen, 1897




David Mumford

INDRA’S
P E A R L S The Vision of Felix Klein

David Mumford, Caroline Series, David Wright

['oBOpAT, uTO B paro Beaukoro 6ora MHApHI BUCUT OTpOMHast cusitoiasi cetb. OHa TOHBIIIE,
YeM I1ayTUHA, U JOCTUTAET CaMbIX TAJbHUX KOHIIOB BCEIIEHHOU. Berony, riae nepecekarorcs
€€ MPO3paYyHbIC HUTH, BUCUT IO OnecTsel xeMuykuHe. Tak kak ceTb OECKOHEYHA, TO
OECKOHEUYHO U YHUCJIO KEMUYKUH. B Onectsiiell moBEpXHOCTH KaX 0N KEMUYKUHbI
OTPaXKAKOTCS BCE OCTAIBHBIE )KEMUYKUHBL, TAXKE TE€, UYTO HAXOAATCS B CaMbIX YAAJICHHBIX
yrojikax pas. B kaxaom ke oTpaxeHUH 0€CKOHEUHO MHOTO KEMUYKHUH OTPaKar0TCsl CHOBA,
TaK 4TO 3TOT MPOLECC — OTPAKEHHUE OTPAKEHHUIN — MPOAOIKAETCS 0€3 KOHIA.




Schottky Group Generation

Figure 4.1. The four initial
Schottky disks. The
transformation a maps the
exterior of D4 onto the
interior of D,, and b maps
the exterior of Dg onto the
interior of Dy,




OmnuceiBasi BOOCJEACTBUM CBOE NMpeObIBaHUE B cyMaciieiieM qome, IIBelik or3biBasics o0
ITOM YUYPEKJIECHUH C HeOObIYaiTHOM MOXBaJIOM.
— Ilo mpaBae ckaszarb, 1 HE 3HAKO, IOYEMY 3TU CYMACHIEAIINE CEPAATCA, YTO UX TaM JIEPKaT.

[To3HakoMuUcs st TaM C HECKOJIbKUMHU Tpodeccopamu. OauH U3 HUX BCE BpEMs XOAMII 32 MHOM
IO MATaM U Pa3bsCHSI, YTO NpapoArHa Ipiran Obuia B KpkoHolax, a Jpyroi JoKa3bIBal, 4To
BHYTPH 3€MHOI0 IlIapa UMEETCs JPYToi 1ap, 3HaYUTEIbHO O0Jblle HapyxHOTO. B
CyMacIleIIeM JOME KaxIblii MOT TOBOPUTH BCE, YTO B3OPEAET €My B roJIOBY, CJIOBHO B
MapJaMeHTe.




Crepeorpadunuyeckana npoekuus
+ nosopoTt chepbl PUmaHa

Double spirals and Mdbius maps 67

D. Mumford et al. Indra’s Pearls, 2002
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fomorpadpuna Mébuyca
(rpynna apobHO-nnHeNHbIX NpeobpasoBaHMif):
3/1leMeHTapHble onepaLum cMMmeTpumn

1. Translation W=7 47,

2. Rotation W = gi® z

3. Reflection w = z* (complex conjugate)
4. Scaling - homothety w=Kkz

5. Reflection In circle - Msbius involution

w=1/z



KpyroBoe cBoucTBO romorpadpum

OKpy>XKHOCTH BCET/Ia
IIEPEXOINT B
OKPYKHOCTH

: I psimast
( IKBUBAJIEHTHA
(D OKPYKHOCTH
| 0eCKOHEYHOro
paauyca




H.S.M. Coxeter

N

How Euclidean geometry, in which lines and planes play a fundamental role, can
be extended to inversive geometry, in which this role is taken over by circles and
spheres?

“Introduction to Geometry”
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[MnaHnpyemblie padboThi

OnuncaHue uKocasgpuiveCcKux KBasmKpucTtannoB Bcex
Tpex Tunos (P, |, F) — HeakBuBaneHTHbIEe MO3ULUMN.
AHanoru pa3ouneHus lNeHpoy3a ¢ OCAMU CUMMETPUN
Gonee BbICOKUX NMOPAAKOB.

CunmmeTpusa camonogoodusa n oTpaxeHusa B
LUNMHOPUYECKNX 3epKanax.

CamopyarnbHble anmasonogoOHbIe KnacTtepbl.
KynoHoBckue pewieToyHble CyMMbI (3KCNOHeHUManbHas
CXOAUMOCTb pPSAAoB).

OuHamuka peweTok (y4eT BKnaga oT MarHUTHOro nons).
KoppenunpoBaHHble TBepAble pacTBOpPbI (acCUMMeTpuUs
KPUBOM CNHOAANbLHOro pacnaga).

SIC, ISFET, anepuoguyeckue netepMMHUPOBaHHbIE

CTPYKTYpbl.
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